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Abstract 

We analyse the complete algebraic structure of the background 
field method for Yang-Mills theory in the Landau gauge and show 
several structural simplifications within this approach. In partic- 
ular we present a new way to study the IR behavior of Green func- 
tions in the Landau gauge and show that there exists a unique 
Green function whose IR behaviour controls the IR properties of 
the gluon and the ghost propagators. 
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1 Introduction 



The use of the background field method (BFM) |lj is an outstanding tech- 
nique to simphfy the computation of Green functions in gauge theories. This 
assessment should be extended beyond perturbation theory as demonstrated 
in numerous studies (see for example 0); in particular, it was shown that 
the BFM is most suitable in quantum field theoretical computations around 
classical solutions of the field equations j3j. 

We have, however, to point out that the complete algebraic structure of 
the BFM in gauge theories has been scarcely used in the applications. Nev- 
ertheless this structure, encoded in the BRST formalism, has led to several 
important results: the proof of the equivalence of the correlation functions 
between physical observables computed in the BFM and in the conventional 
formalism [4 , important simplifications in the computations of radiative cor- 
rections for the SM some progresses in constructing effective charges and 
gauge-invariant quantities jB] and the extensions to open algebras and non- 
trivial manifolds [Tj. 

In the present paper, we exploit the complete algebraic structure of the 
BFM for Yang-Mills theory in the Landau gauge. We recall that one can 
prove some non-renormalization theorems for the ghost-gluon vertex and for 
the ghost two-point functions in the Landau gauge. These properties are 
consequences of an integrated functional equation - the antighost equation - 
which can be shown to hold for the quantum effective action in the Landau 
gauge IHlini- Moreover, as we will show here, by combining the properties of 
the Landau gauge with the BFM, one can derive a more powerful local equa- 
tion for the antighost fields. Another example of a local antighost equation 
was presented in jlUj . 

In the case of the Landau gauge, the commutation relation between the 
integrated antighost equation and the Slavnov-Taylor identities (STI) (which 
implement the BRST symmetry at the functional level) yields the integrated 
Ward-Takahashi identities (WTI) for the SU{N) rigid symmetry. In the 
Landau background gauge, the local antighost equation leads to local WTI. 
The latter are functional equations for the gauge fixed effective action and 
they carry all the relevant information on the original gauge symmetry of 
the ungauged classical theory. In the present context, the role of the WTI 
partly supersedes that of STI, which essentially implement only the relation 
between the background fields and the quantum ones. 

The implementation of the BRST symmetry at the quantum level requires 
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the introduction of certain sources (called in the following antifields) to study 
the renormalization of the composite operators emerging from the BRST 
variation of the fields. In the same way, the BFM requires new sources to 
be coupled to the variation of the action under the BRST transformations 
of the background fields. Those sources are indeed sufficient to implement 
the full set of symmetries of the theory at the quantum level. Moreover, 
we also show that some of the Green functions obtained by differentiating 
the functional generators (for one-particle-irreducible (1-PI) or connected 
graphs) with respect to these sources can be used to study IR properties of 
the gluon and ghost propagator. This is an interesting feature that is not 
usually taken into account for practical applications. 

In the paper, after working out the algebraic structure of the Landau- 
background gauge fixing and its symmetries, we study some applications of 
the formalism. Here we list them with some comments. 

• During the last ten years, some effort has been devoted to study the 
infrared behaviour of the Green functions of QCD. Understanding the 
infrared properties is intimately related to grasping some information 
on the non-perturbative regime of the theory in the realm of confined 
gluons and quarks. 

One of the most used and promising techniques is lattice QCD, where 
the natural regularization and infrared cut-off has led to fundamental 
simulations to very low energies. However, other techniques have been 
used, such as those based on the renormalization group (RG) equations 
and the Schwinger-Dyson equations. 

Let us first comment on RG equations. The renewed interest in the 
Wilson renormalization group stimulated by a paper by Polchinski ^I] 
and the vast literature that followed it (see for example ^21^13 and 
references thereof and therein) yielded new applications of these tech- 
niques to the study of low-energy effective actions. The aim was to 
see emerging from the RG evolution the signals of confinements or new 
phases in the strong regime of QCD. However, in order to look after 
non-perturbative effects, one has to solve the functional equations non- 
perturbatively. This amounts to providing suitable truncations and 
relatively simple ansatze for the Green functions involved in the com- 
putations. In the Landau gauge, some of these ansatze can be explicitly 
implemented and justified. Here we would like to point out that in addi- 
tion to the Landau gauge, the BFM might give further simplifications 
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and insights. To show this, we present a simple apphcation and we 
leave to future publications a real non-perturbative computation in the 
Landau BFM. 

Recently it has been shown in Ref. jTH] that within the Wilson RG for- 
malism a regularization that preserves the background gauge invariance 
can be found. This regularization preserves also all linear identities as- 
sociated to ghost or antighost equations of motion, but it breaks the 
STL However, we show that the number of breaking terms of STI in 
the background Landau gauge is highly reduced. Moreover, it is easy to 
solve the fine-tuning problem by computing those counterterms which 
are needed in order to reabsorb the ST breakings, thanks to the special 
structure of the STI in the Landau background gauge. In contrast to 
the usual technique with BFM in non-singular gauges, the gauge sym- 
metry is encoded in the WTI. The present analysis can be extended to 
chiral gauge theories whenever the anomaly is cancelled. 

• The technique developed for solving the Schwinger-Dyson equations 
(SDE) in the Landau gauge [20J has also been used in the past to un- 
derstand the non-perturbative properties of the theory. This gauge is 
the most suitable to justify the truncations used and also favored due 
to the non-renormalization theorems. Recently, the role of the Gribov 
horizon in the dynamical mass generation in euclidean Yang-Mills the- 
ories has been investigated in the context of the Landau gauge in pT] . 
Nevertheless adding the background field method would enhance even 
more simplifications. As an illustration of these phenomena we rederive 
the non-renormalization theorems for the Landau background gauge, 
and in particular we show how the WTI replace the STI to uncover the 
gauge properties of the Green functions. We point out that the rele- 
vant properties of the IR behaviour of gluon and ghost propagators are 
encoded in a single Green function, obtained by differentiating the gen- 
erating functional with respect to certain classical sources. As an aside 
we show the relation between this Green function and the Kugo-Ojima 
criterion for confinement [23- Some recent developements where the 
Landau-Background can be used is the Maldestam's approximation to 
SDE 123. 
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• In general, the STI are complicated non-linear functional equations, 
which are rather difficult to handle outside of perturbation theory^. 
Instead of studying the STI, one can, in the BFM, substitute part of 
them with linear WTI identities for the background gauge invariance. 
This simplifies also the study of counterterms at higher orders. This 
is a drastic simplification for supersymmetric QCD where the Landau 
gauge has been used for explicit computations. 

• Concerning the famous problem of Gribov copies in covariant gauges, 
the use of BFM has several advantages. We should recall that the 
Gribov copies are induced by the vanishing of the Faddeev-Popov de- 
terminant. However, a convenient way to overcome these difficulties 
is to use the technique developed in [21j, where a suitable patching 
of the configuration space is used by changing the background field 
A^. The Landau gauge indeed has Gribov copies that may affect the 
computations at low energy. The use of BFM in the Landau gauge 
might prevent this problem also in numerical simulations where the 
background can be changed. In [21] the prescription to move from one 
patch to another is given. The practical implications will be discussed 
elsewhere. 

• The structure of the BRST symmetry with background fields is rather 
suggestive. As is known, the BRST symmetry, the anti-BRST sym- 
metry, the ghost equations and the antighost equation combine in a 
symmetric fashion; it can be shown that the commutation relation of 
the Nakanishi-Lautrup equation for the Lagrangian multiplier and the 
linearized ST operator or the linearized anti-ST operator leads to the 
ghost and antighost equations, respectively. Further commutation re- 
lations between the linearized ST operator and the linearized anti-ST 
operator lead to the WTI. 

The paper is organized as follows: in Section |21 we present the Landau 
background gauge fixing, the STI and WTI for two-point functions and the 
non-renormalization theorem for the ghost-gluon-ghost vertex. In Section El 
we study the following applications: RG equations and the BFM, the IR 

^Here we assume that a perturbative definition of BRST symmetry is possible. 
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behaviour of Green functions, the relation with Green functions with external 
classical sources, and the Kugo-Ojima criterion in the present framework. We 
also comment on some details of the computations. Finally conclusions are 
presented in Section HJ 



2 Landau Background Gauge Fixing 

We consider SU (N) Yang-Mills theory and adopt the following conventions: 
[T",T^] = if°-^'^T'^, where T° are hermitian generators of the corresponding 
Lie algebra and f"'^'^ are the associated real structure constants. The covariant 
derivative on adjoint fields is given by (V^$)" = 9^$" + /"■^''A''^^'' = 



AfT" and $ 



((9^$ - i[A^, where A^ 
in such a way that tr(T"T''; — ^ 

We impose the Landau background gauge fixing 



$"T". The are normalized 



v,{A - Ay 



0. 



(1) 



where is the background covariant derivative, is the gauge field, and 
Afj^ is the background gauge field. The complete Lagrangian is obtained by 
the usual BRST prescription: 



--trF' + s tr ( cV^(A - A^ - A^A" + c*c 



tr 



~^F' + bV,{A-Ay 



c ( V^V^c 



where s is the generator of the BRST transformations: 



sA^ = V^c, 
sc = b , 



s c 
sb-- 
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0. 



(2) 



(3) 



The dimensions of the fields and antifields and their ghost number are 
summarized in Tabled 

At the classical level the theory is characterized by the STI for the action 
S = f d^x C, 
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Table 1: Ghost number and dimension of the fields and the antifields 
by the equation for the Nakanishi-Lautrup field h 

^ = WM - AY (5) 
and by the antighost equation 

-V^A*^ + i[c\c]={). (6) 

The last equation is a consequence of the special gauge fixing we have adopted. 

Due to the special choice of the background gauge fixing, all the composite 
operators obtained by differentiating the action S with respect to the ghost 
field c can be re-expressed in terms of functional derivatives of the action 
with respect to the source Vl^ and with respect to h. This can be shown by 
using integration by parts. A fundamental property to be used is [V^, V^] = 
-zV^(A-i)^ 

Equation © tells us that the ghost field c will not get an independent 
renormalization and that, in addition, the dynamics of c is completely fixed 
by this equation. Notice that in the case of the Landau gauge fixing without 
background fields only an integrated version of (jH)) was derived jH]. 

As a consequence of equations. (H)) - © we can obtain the following two 
functional equations: the Faddeev-Popov equation 

Ss (f - V„(^ - .4,") - ^SiS) = eiS) - I + V„i| - V„n" = . (7) 
where Ss is the linearized ST operator, defined by 



6S 



^ 6S 



+ i 



6S 
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and the WTI 



In the case of ordinary Landau gauge fixing (without the background), 
the anticommutation relation between the antighost equation and the STI 
yields the integrated WTI. On the other hand in the Landau background 
gauge the local equation for the ghost field © leads directly to the local 
WTI for the background gauge invariance. 

Moving to the quantum theory and assuming a renormalization prescrip- 
tion that preserves the identities (HJ - ©, we substitute the tree- level action 
S with the 1-PI generating functional F. 

In order to simplify the analysis of the 1-PI Green functions in the fol- 
lowing sections, we introduce the new functional T 

T = T - J d^xti {bVf,{A - Af + n^V^cj . (10) 

The introduction of T simplifies equation (jSj), which in particular implies 
6r/6b = 0; it also simplifies equation ((7j). It modifies the ST identities in 
(jlj), but it is easy to see that they have the same form, provided that we 
substitute A* with A*^ = A*^ + V^c. The WTI in (0) are preserved from all 
manipulations, and the ghost equation ((7j) is automatically solved. Finally, it 
is convenient to introduce fi^ = fi^ + V^c, in order to simplify the antighost 
equation In particular, the latter tells us that the only dependence of 
the functional T[A, A, A*, Cl, c] upon the ghost field c is given by 

^ = v^i;-z[c*,c], (11) 

and therefore, we can finally introduce the functional 

f' = t- j d'^x tr (AlV^c + ic*c^^ , (12) 
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which removes the exphcit dependence upon c; f ' is a functional of A^,A^, c* 
and Cl^ only. The complete dynamics is constrained by the remaining two 
functional equations: 

^(r') = -"^.TT- - ^/'^ + ^] + [c*. tt] + [^,, A-] = . (14) 
'^SA^ ^ SA^ ^c*' 

The structure of the gauge group is completely encoded in the WTI. 
The dynamics of the ghost fields is encoded in the functional dependence 
of A* and Clf^] therefore, the only Green functions with external fields with 

non- vanishing ghost number have external A* , or c* fields. This is an 
enormous simplification, because these three fields are classical sources and 
not quantum fields. In order to clarify this point further, we can observe 
the following: non-trivial relations between Green functions can be obtained 
from (0]) by differentiation with respect to a field carrying positive ghost 
number. However, the only positive charged field is Cl, so that we have to 
take at least one derivative with respect to this field. This yields a relation 
among Green functions with one background field and those Green functions 
with only quantum gauge fields. So, the only information encoded in (jH) 
is the relation between background Green functions F'- - and those with 

quantum fields F^ ^. The rest of the information on the symmetry of the 
theory is encoded in equations © and (fT^ . which are linear identities and 
thus simpler than equation 

Before ending this section, we just want to recall that the existence of 
the anti-ghost equation in the Landau background gauge can be detected in 
a different way. As is well-known, the BRST symmetry can be paired with 
an additional symmetry, the anti-BRST symmetry, where the ghost c and 
the antighost c are exchanged. More precisely, one defines the anti-BRST 
differential s by 

sA^ = V^c, sc = i(f sc = —b — i[c, c] , sb = —i[b,c]. (15) 

We will not enter in all details here (but a similar analysis has been made 
in 123 )• We only point out that besides the STI operator Ss (see (jSI)) one 
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can correspondingly introduce the paired Ss that generates the anti-BRST 
transformations. The two BRST operators anticommute and are both nilpo- 
tent. 

One then finds, in complete analogy with equation ((7j): 

- v,(A - Ar^ - pis) = gT = o (16) 

where Q is the differential functional operator appearing in the antighost 
equation Hence in the presence of the anti-BRST symmetry the structure 
of the ghost and antighost equations are direct consequences of the choice 
of gauge fixing. Furthermore, it is possible to recast the gauge fixing in a 
BRST-anti-BRST exact expression. Since the details of the derivation of 
such a result are rather trivial and common in the literature we do not dwell 
on this point any further. We just observe that the field is the source of 
V^c. The latter is the anti-BRST transformation of the gauge field A^. Thus 
fl^ is the antifield of with respect to the anti-BRST symmetry. Moreover, 
it is natural to view A* as the anti-BRST transformation of the background 
field Afj,. For additional details we refer the reader to Ref. j2S]- 



2.1 Identities for two-point functions 

In this subsection, we use the Green functions generated by F without the 
redefinition discussed above. This leads to relations between the scalar func- 
tions appearing in the tensor decomposition of each single Green function. 
Those can be computed directly by Feynman diagrams stemming from the 
action 

Let us start from the ghost sector. There we have four two-point func- 
tions: Fee, FcAj, Tq^c and Fq^^;- By power-counting they are all divergent 
quantities, but they are related by means of ^ and (jHI) 

Tcc{p) = -iPi^'Tsn^ip) , 
^aUp) = -ip^,TAin,Xp) +^P'' ■ (17) 

We decompose the above Green functions in terms of scalar invariants in the 
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following way (we omit the colour indices unless they are strictly necessary) : 

^AtnM = -{L^''C'^{P) + T^''C^{P)), (18) 

where L^^'^ = p^^p'^/p'^ and T^^" = {g^^ — p^p^ /p^). The divergent part of C'^ 
is equal to the divergent part of . Equations (fT7|) yield 

A{p) = B{p) = G-\p) = C^(p) + 1 , (19) 

while C^ip) remains unconstrained. 

In the bosonic sector we have to study the Green functions 

Tbb{p), TbA^ip), ^A^A^p), ^bA^P^^ ^A^aM^ ^a^aM- 
From the Nakanishi-Lautrup equation (0) we get 

Tbbip) = o, ^^.,.(p) = ^r^p^ r^,,.(p) = -^^V, (20) 

to all orders. For the two-point functions with gauge fields and their back- 
grounds, we adopt the following decomposition 

T^^aAp) = L^''E^{p)+T^''E^{p), 
^a^aSp) = L^''F\p)+T^-^F^{p), 
T^^^^ip) = L^'^H\p)+T^'^H^{p). (21) 

They have to satisfy the STl 

t^^a'M^a.aM + r^A,(p) = , (22) 
rn.A;(p)r^^i^(p) + r^,i^(p) = o, (23) 

and the WTl 

PtJ^A^ASP)+PtJ^A^ASP) = ' 

P,^a,aAp)+P,^aMp^ = 0, (24) 
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leading to the equations 

IJL ^ _pL ^ pL ^ 

= -C^F^ , F^ = -C^E^ . (25) 

From the Nakanishi-Lautrup equation (0), there follows the transversality of 
the gluon propagator (r^^^^,J~^. Hence E^ = and therefore from the first 
of equations = F^ = E^ = 0. Moreover from equations we get 

i7^ = (C^)2E^. 

To conclude, we note that all relevant Green functions are completely fixed in 
terms of three scalar invariants , E^ and . The last one is given in terms 
of the two-point function of the ghost field and can be computed from the 
corresponding SDE. The two-point function E'^ is the transverse contribution 
to the gluon propagator and can also be computed by the corresponding SDE; 
finally, the scalar function can be computed by the two-point function 
of the background propagator. However, both and C"^ are the scalar 
functions appearing in the Green function T^^Aiiv)] they might therefore be 
computed non-perturbatively by solving the corresponding SDE (which we 
are going to discuss in the next section) or from the RGE. 

2.2 Non-renormalization of the ghost— gluon vertex TccA^ 

In order to illustrate our method, we derive the non-renormalization of the 
gluon-ghost vertex and other useful relations between Green functions in the 
same sector. We are interested in the following functions^: 

{p, q) , {p,q), rM;A^(p,g), rn^A;A^(p,g). 

They satisfy the identities 

^ccA^{P,<l) = iPp'^cA;A,XP,q) 
Tnge" A- (P, q) = ^Pp'^n-A*-'A- (P' q) + /"'"'^M'^ ' 

^c-Al'^Al, (P' ^) = -KP + q)p^n-AV''Al, (P' ^) + f^^dpv ■ (26) 

'^We use the notation r$j...$^_j$^ (p2, ■ • ■ Pn-i,Pn) where p,; is the ingoing momentum of 
the field $i. For the field $1 we always assume the momentum conservation pi = — X^i/i Pi 
and we omit it in the notation. 
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By power counting the Green function Tj^^^..^^^ (p, q) is finite (we recall that 

has dimension 1, the gauge field A" has dimension 1 and the antifield 
A*'°- has dimension 3). By equation this implies that also the Green 
functions T^^cA^{p,q) and ^cA*a^{p,(i) are finite. Hence we conclude that 
the ghost-gluon vertex ^ccAp,{p,(l) is also finite. This is the well-known non- 
renormalization property of the ghost-gluon vertex in the Landau gauge. 

In addition, we can also prove that the ghost-background gluon vertex is 
finite in the Landau background gauge. This amounts to deriving the above 
equations for the Green functions 

Tcc-a^Ip, q) , ^n,.cA,M ^) ' ^cA;aM ^) ' ^n.A;A^iP^ Q) ■ 

and repeating the same argument. 

Furthermore, some useful identities are worth mentioning among the 
background and quantum Green functions. Some of them are obtained from 
the STI (0} and are given (in condensed notation) by 

^ccAf, ~ ~'^cA*^Apcn^ — '^n^A*^ApCc + ^cn^c*^cc , 
^cAlAf, = —'^cA*p^ApA*n^, — '^Up^A^p^ApcAt + ^cn^c*^Atc , 

^n,cA^ = -'^n^,A;^Apcnp]+'^n,n^c*'^cc, 
^n,A*^Af, = -'^ni,A;^ApA*np] + '^nM^.c*'^A%c (27) 

and from the WTl Q with the following form (again in condensed notation): 

-z{q + p),{Ta,c, + r^^j + (r,,-(p) - r,,-(g)) = o , 

+ p)^.i'^A^n,-c + ^ApnJ + (XnAp) - ^nAl)) = , 

-KQ + P)f^i^A,cAt + ^ApcAt) + {^cAtip) - ^cAtiq)) = , 

-^{q + p),iTA,npAt+rA,npAt) + {^npAtip)~rnpAM=0. (28) 

The last terms in the R.H.S. of equation ^I7\i are given by superficially con- 
vergent functions involving one c* and at least one times two-point func- 
tions Fee or Ta*c- These two-point functions are in turn characterized by the 
parametrization given in equation ()18|l . fulfilling the constraints in equation 

(HI. 

These equations show that the trilinear background Green functions with 
the insertion of an antighost or an antifield A* are fixed in terms of the 
quantum Green functions (and vice versa). In particular the above relations 
constrain the form of the ghost-gluon vertex. 
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3 Applications 



In this section we review some applications of the Landau gauge fixing in 
the study of the IR properties of Yang-Mills theory and discuss the simpli- 
fications arising from the background Landau gauge and its local antighost 
equation on some specific issues. 

3.1 Renormalization Group Technique and BFM 

Recently, Bonini et al. discussed in jTHj the application of the BFM to the 
Wilson renormalization group technique. We can list two important advan- 
tages of that application: i) the WTI Q are preserved by the regularization 
technique and they do not have to be restored order by order, and ii) one 
can provide a mass term for the quantum gauge field without destroying 
the background gauge invariance (whereas the STI will be dramatically bro- 
ken by this choice). These important features can be used to pursue the 
computation of the effective action beyond one loop in the present context. 
However, in order to construct the full effective action one has to take into 
account the renormalization of all other identities such as ®, (0) and 
(^. For what concerns the linear identities, it is easy to check that they are 
indeed preserved by the regularization procedure and therefore the algebraic 
manipulations performed in Section 2 remain valid beyond tree level. If one 
of these equations is broken, an explicit counterterm given by Sorella and 
Piguet P (as a function of the regularization-dependent breaking terms) is 
used to restore it order by order, and therefore we assume that all equations 
but (jD) are preserved by the regularization procedure. 

The Wilson-Polchinski regularization method introduces explicit break- 
ing of the STI in the form 

5(f') = A-r, (29) 

where the R.H.S. denotes the insertion of the breaking term A into the Green 
functions generated by F'. The functional dependence of A is restricted by 
the equations (0) ^ Q to depend only on background gauge-invariant com- 
binations of A^^A^^Vt^ and c*. In addition, the local approximation of the 
breaking term A is restricted by power counting to be a sum of local oper- 
ators with dimension 4. On general grounds, there are additional breakings 
in the R.H.S. of equation (j^ . but they are given by irrelevant operators 
vanishing in the physical limit of infinite UV cut-off. It can be proved (see 
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[T^ for a complete analysis within gauge theories) that at the physical fixed 
point the STI are indeed restored, provided that the breaking terms of di- 
mension 4 associated with the local approximation of A have been removed 
order by order in the loop expansion. 

The most general polynomial A with dimension 4 and ghost-number 1 is 

^1 = J d'^xCl^F''{A,A) (30) 

where F is a function of and of only. The function F should have 
dimension 3. Since we can use integration by parts, we assume that Cl^ in 
the first term is undifferentiated. 

Notice that there is no room in A4 for the representative of the ABJ 
anomaly. However, this is not surprising since if this anomaly appears, it 
occurs in and (j29|) with the same coefficient. Therefore, if we assume 
that the Q are preserved by the regularization, we also assume that there 
is no anomaly in ()29|) . A4 is constrained to obey the following Wess-Zumino 
consistency condition 



5p.(o)(Al) = 0, (31) 



where 



^ ' ^ SA* 6A^ SA* ^6A^ ' 



and f is the coefficient of order zero in the ^-expansion of the functional 
r (i.e. its classical approximation). Furthermore, iSp/(o) is nilpotent. 

The variables {A^, f2^) have special transformation properties with re- 
spect to iSp'(o). They form a set of coupled doublets, i.e. 

5p/(o) (A^) = il^ , 5p/(o) {^^) = , (33) 
while the counting operator 

does not commute with iSp'{o). The cohomological properties of doublet pairs 
have been widely discussed in the literature [HI I2S1 1211 12H]- In particular. 
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coupled doublets have been analysed in It turns out that if F is a 

functional belonging to the kernel of iSp/(o) and that Y\^^^^q = 0, then it 
can be expressed as a 5p'(o) -variation of some suitable functional X, so that 
Y = iSp'(o)(X). Since is in the kernel of iSp/(o) and vanishes at Cl = 0, it 
can be written as 

=5f,,o)(S[Ai]) (35) 

for some local counterterm A] of dimension 4, which reabsorbs the break- 
ing. As a consequence of the local antighost equation the cohomology associ- 
ated to the STI has been trivialized. This property is a distinctive feature of 
the Landau BFM gauge. It does not hold in the ordinary Landau gauge. A 
detailed analysis of the structure of the counterterms in Yang-Mills theory 
in the ordinary Landau gauge has been given in |3Uj . 

The background gauge invariance also imposes restrictions on the number 
of independent polynomials that can appear in F^. Indeed by imposing 
background gauge invariance we find that must have the form (here we 
use the notation Q^, = Afj_ — for simplicity) 

~ '^dahc,vpaQvQ pQcT ~^ ^dab,vpaQu^ pQo) ~^ Pdab,upaQu^pa 

+ Pl,.p.^iu^M + rl,.p.(yA^)\ (36) 

where m, n, p, q and r are constant Lorentz- and Lie algebra tensors (indepen- 
dent of the fields and their derivatives). They have to be computed directly 
from the Feynman diagrams in a perturbative expansion or in terms of the 
effective action for non-perturbative evaluation. They depend on the regu- 
lator and they are finite quantities at the fixed point. Once is known, 
the functional H in equation (j35j) can be explicitly obtained by making use 
of the inversion formulae given in j29j. 

The BFM of the Landau gauge permits such enormous simplifications to 
all orders, reducing the effort to restore the STI. Notice that in the absence of 
a good regularization procedure (for example for chiral gauge theory on the 
continuum), one can always find the regularization that preserves the WTI 
identities and few breaking terms of the STI have to be computed order by 
order. 

We wish to conclude this section by stressing that the combination of 
Landau gauge fixing, covariantized with respect to the background fields, 
provides a way of significantly simplifying the renormalization of the STI by 
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trivializing the cohomology of the relevant linearized ST operator in equation 
(j221)- In the presence of a background gauge-invariant regularization proce- 
dure, such as the regularization adopted in ^H], the number of breaking 
terms (and consequently the number of counterterms) of the STI is hence- 
forth highly reduced, resulting in a much simpler construction of the quantum 
effective action. 

3.2 Fixed points and relation between the IR behaviour 

of E^{p) and C^{p) 

Following Ref. jSI], we derive the relation between the two-point functions 
E'^ip) and C^{p) by assuming only the existence of a fixed point. The present 
derivation is based on the properties of the Landau-BFM. 

From the STI (jlj), by differentiation with respect to A^, and c, we have 

+rcA*PA^(-g,p)rApA.(g) + rcA*PA,(-p,g)rApA^(p) = o. (37) 

The Green function ^cA*pa^{—(1,p) is finite as shown in the previous section. 
By using the transversality of T^^j^^lq) and the Lorentz decomposition of 
rcA*p given in (fTH|). we get 

,^C'^^-p-q) + l) [hp-q)pTA,AMP^q)] + 

+ [TcA*PA,{-q,p)TpM] E^{q) + [TcA^paA-P, QK.ip)] E^{p) = . (38) 

By contracting the above equation with the tensor p^p^ jp^ ^ the third term 
vanishes because it is transverse, and we have 

(C^(-p - /i) + i)5(p, /i) + ^(p, /i)^^(g; /^) = o , (39) 

where we have defined the following scalar functions 

Sip,q;fi) = ■^[i-p-q)pTA,A^A,{p,q;f^)p^p''] 

R(,p,q;f^) = ^[^cA'PA^{-q,p;f^)Tpu{q)p^p''] (40) 

and fi is the renormalization scale. Since the function S{p, q; fi) is finite, 
its variation under a variation of the renormalization scale fi can be given 
entirely in terms of the functions d^E'^{p; fi) and dfj,C^{p] fi): 

dpSifi*; fi) = XEifi*; fi)d,E''{fi*; /i) + Xc(/i*; /i)5^C^(/i*; fi) (41) 



17 



computed at the symmetric point = = {^Ji*Y- Assuming the existence 
of a fixed point for the three-point function -R(/i*; /i) = at a given scale /i* 
we find that 

ii)YE + 5^C^(/i*; li)Yc = , (42) 

which relates the /x-dependence of the two-point functions. The functions Ye 
and Yc are finite and completely fixed by the normalization conditions. The 
existence of a fixed point for the three point function _R(/i*;/x) = can be 
deduced from the existence of a fixed point for the running of beta function 
for the gauge coupling. The difference between the two fixed points amounts 
to a change of the renormalization prescriptions for the two-point functions. 

3.3 Kugo— Ojima criterion on confinement using BFM 

A thorough discussion of the Kugo-Ojima (KO) criterion on confinement is 
beyond the scope of this note and we refer the reader to the original literature 
[221 • However, before analysing the criterion within the Landau BFM, some 
critical remarks are in order. First of all, one should mention that the KO 
criterion is established within the asymptotic Fock space and is therefore 
intimately related with perturbation theory. Moreover, in contrast to the 
gauge-invariant Wilson-loop criterium of confinement, the KO criterion is 
established in the gauge-fixed theory and has to face the serious and well- 
known problem of Gribov copies. 

Keeping these problems in mind, we now translate the KO criterion for 
the confinement into the context of the Landau background gauge. The 
advantage of this framework is that all composite operators needed in the 
present analysis are already present in the Lagrangian (j21) coupled to the 
sources fif, and A*f. 

First we compute the Noether current for the SU (N) invariance of the 
action (j2)). Simple algebraic manipulations lead to 

- iJ^ = [A-", F^,] + [b, {A - A)^] + [c, n^] - [c, V^c] - [V^c, c] , (43) 

which is conserved (using the equations of motions for the classical fields). 
If we compute the equation of motion for the gauge field A^, we obtain a 
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related expression 



s s 

YT- = V''F,^-d^h-i[h,A;^+i[Vc,c]+i[c,n] 

= d'-F,^ -J^-s [V^c] 

= d^F^,-J, + ^, (44) 

where we used in the last line the property that, in terms of and A^, the 
Lagrangian depends on the background only through the gauge fixing. 

We neglect the contribution of the antifields since they drop out from the 
computation of the previous current on the Fock space of on-shell states. In 
addition, for on-shell states one knows that the L.H.S. of vanishes. So 
the KO charges can be defined by 

G = J £x d'Fio , N = J d^x-^, Q = J d^xJo, (45) 

which are related hj Q = N -\- G. The KO criterion asserts that if there 
is a mass gap in the gluon propagator \imp2^Qp'^E'^{p) = 0, the first charge 
G vanishes because it is a total derivative. The second condition imposes 
that also should vanish, so that Q is well-defined and all coloured states 
vanish on physical states. Notice that the second condition can expressed 
by studying the correlation function between the current 6S/6An and a one- 
particle state with a gluon field, namely it can be related to the two-point 
function 6'^S/6Af^{x)Ai,{y) of the background and quantum gauge field. 



3.4 The correlation function {TV^^c{x)V^c{y)) 

The KO criterion can be reformulated in terms of the IR behaviour of a 
special correlation function involving the ghost fields. More precisely, one 
defines the matrix u"^(p^) as 



j d'xe'^^^-y\{y,cr{x){f'"'Al-c''){y)) =:,^o T.^W^'iv') , (46) 

where the equality is valid in the limit of small momenta (i.e. one discards 
possible contributions from massive states to the correlation function in the 
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Figure 1: Contribution to Qfj,u from its connected components 




+ N 




A* \ / n A* ■ . / n A* \ .■■ n 

-o- -o-" 

Figure 2: Iterative diagrammatic expansion of TA*n- 

L.H.S. of equation (jl^ V Then, according to Kugo and Ojima, the charge N 
is well defined provided that u°'^{p'^) fulfills the condition [20] 

u^\0) = -5"^ . (47) 

In the Landau background gauge, the Green function (TV^c(a:)V''c(|/)) can 
be generated by functional differentiation with respect to the antifield A* 
and the background ghost VLy. 



(48) 

J=/3=0 



In the Landau background field gauge many simplifications arise for the 
computation of Q^^j. First we observe that there are two contributions to Q^y 
coming from the connected graphs, which are shown in Figure ^ 

Analytically we obtain, in the momentum space, using the parameteriza- 
tion in equation (fTH|): 

= -G-\p)L,, + {G-\p) - 1) V + C'^{p)T,u 

= -V + C^(j9)T^,. (49) 

In the above equation we have used the simplifications coming from equa- 
tion (jl9|) . This means that in the Landau background gauge the longitudinal 
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part of Qfj_i, does not get renormalized and the only dynamical information is 
contained in C'^{p). Moreover, this parameter can be extracted by looking 
at the 1-PI Green function Tq a* 



C ip) = -T^'Tn^At ■ (50) 

By comparing equation with equation (jlH)) we arrive at the following 
identification: 

C^ip') = -u{p') . (51) 

Therefore the full information contained in the matrix u can actually be 
derived from the knowledge of T^^^. via equation (j^O)). 

In order to compute the 1-PI Green function TA*n, we propose an iterative 
diagrammatic prescription motivated by the perturbative treatment and by 
some analogy with the SDE. Graphically we can represent it as in Figure |21 
Notice that T^i^ = 0. Then we can write 

/ ^^^^A-(-p)Ai(g)c-(p+g)^Jf (?)rA^(g)n6^(p)cfe(p+g)^cl(P + ■ (^2) 

Here, Djf and D'^^ stand for the full propagators of the gluons and the 
ghosts, r*-°'' „ is the antifield-gluon-ghost tree-level vertex and F - ,j ^ the 

full renormalized one, and analogously for F^°]„j_fe and T j^i^p^k. 

Equation (jK^ could be used as a starting point to derive, by iterative 
solutions, the information on C^{p) in equation ()50|) . possibly also beyond 
standard perturbation theory. 



4 Conclusion and Outlook 

In the present paper, the complete algebraic structure of the BRST symmetry 
for Landau background gauge fixing is exploited. We recover all the results 
presented in the literature for the non-renormalization of the trilinear ghost- 
gluon vertex and different simplifications provided by the BFM. In addition, 
we show that all the information regarding the IR behaviour of the theory 
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is encoded in a new Green function which appears naturally in 

the Landau background gauge. We provide a prescription to compute this 
new Green function to all orders in perturbation theory and beyond the 
perturbative analysis. 

It may be hoped that the present formalism could enhance the distinctive 
simplifications of the Landau gauge, which is widely used in the study of the 
IR properties of Green functions for QCD and in the strong regime of gauge 
theories. 
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